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Chapter 1

Recursion (computer science)

This article is about recursive approaches to solving problems. For proofs by recursion, see Mathematical induction.
For recursion in computer science acronyms, see Recursive acronym § Computer-related examples.

Recursion in computer science is a method where the solution to a problem depends on solutions to smaller instances
of the same problem (as opposed to iteration).['! The approach can be applied to many types of problems, and
recursion is one of the central ideas of computer science.”!

“The power of recursion evidently lies in the possibility of defining an infinite set of objects by a
finite statement. In the same manner, an infinite number of computations can be described by a finite
recursive program, even if this program contains no explicit repetitions.”*!

Most computer programming languages support recursion by allowing a function to call itself within the program
text. Some functional programming languages do not define any looping constructs but rely solely on recursion to
repeatedly call code. Computability theory proves that these recursive-only languages are Turing complete; they are
as computationally powerful as Turing complete imperative languages, meaning they can solve the same kinds of
problems as imperative languages even without iterative control structures such as “while” and “for”.

1.1 Recursive functions and algorithms

A common computer programming tactic is to divide a problem into sub-problems of the same type as the original,
solve those sub-problems, and combine the results. This is often referred to as the divide-and-conquer method; when
combined with a lookup table that stores the results of solving sub-problems (to avoid solving them repeatedly and
incurring extra computation time), it can be referred to as dynamic programming or memoization.

A recursive function definition has one or more base cases, meaning input(s) for which the function produces a result
trivially (without recurring), and one or more recursive cases, meaning input(s) for which the program recurs (calls
itself). For example, the factorial function can be defined recursively by the equations 0! = 1 and, for all n > 0, n!
=n(n — 1)!. Neither equation by itself constitutes a complete definition; the first is the base case, and the second is
the recursive case. Because the base case breaks the chain of recursion, it is sometimes also called the “terminating
case”.

The job of the recursive cases can be seen as breaking down complex inputs into simpler ones. In a properly designed
recursive function, with each recursive call, the input problem must be simplified in such a way that eventually the base
case must be reached. (Functions that are not intended to terminate under normal circumstances—for example, some
system and server processes—are an exception to this.) Neglecting to write a base case, or testing for it incorrectly,
can cause an infinite loop.

For some functions (such as one that computes the series for e = 1/0! + 1/1! + 1/2! + 1/3! + ...) there is not an
obvious base case implied by the input data; for these one may add a parameter (such as the number of terms to be
added, in our series example) to provide a 'stopping criterion' that establishes the base case. Such an example is more
naturally treated by co-recursion, where successive terms in the output are the partial sums; this can be converted to
a recursion by using the indexing parameter to say “compute the nth term (nth partial sum)".
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Tree created using the Logo programming language and relying heavily on recursion

1.2 Recursive data types

Many computer programs must process or generate an arbitrarily large quantity of data. Recursion is one technique
for representing data whose exact size the programmer does not know: the programmer can specify this data with a
self-referential definition. There are two types of self-referential definitions: inductive and coinductive definitions.

Further information: Algebraic data type
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1.2.1 Inductively defined data

Main article: Recursive data type

An inductively defined recursive data definition is one that specifies how to construct instances of the data. For
example, linked lists can be defined inductively (here, using Haskell syntax):

data ListOfStrings = EmptyList | Cons String ListOfStrings

The code above specifies a list of strings to be either empty, or a structure that contains a string and a list of strings.
The self-reference in the definition permits the construction of lists of any (finite) number of strings.

Another example of inductive definition is the natural numbers (or positive integers):
A natural number is either 1 or n+1, where n is a natural number.

Similarly recursive definitions are often used to model the structure of expressions and statements in programming
languages. Language designers often express grammars in a syntax such as Backus-Naur form; here is such a gram-
mar, for a simple language of arithmetic expressions with multiplication and addition:

<expr> ::= <number> | (<expr> * <expr>) | (<expr> + <expr>)

This says that an expression is either a number, a product of two expressions, or a sum of two expressions. By
recursively referring to expressions in the second and third lines, the grammar permits arbitrarily complex arithmetic
expressions such as (5 * ((3 * 6) + 8)), with more than one product or sum operation in a single expression.

1.2.2 Coinductively defined data and corecursion

Main articles: Coinduction and Corecursion

A coinductive data definition is one that specifies the operations that may be performed on a piece of data; typically,
self-referential coinductive definitions are used for data structures of infinite size.

A coinductive definition of infinite streams of strings, given informally, might look like this:
A stream of strings is an object s such that: head(s) is a string, and tail(s) is a stream of strings.

This is very similar to an inductive definition of lists of strings; the difference is that this definition specifies how to
access the contents of the data structure—namely, via the accessor functions head and tail—and what those contents
may be, whereas the inductive definition specifies how to create the structure and what it may be created from.

Corecursion is related to coinduction, and can be used to compute particular instances of (possibly) infinite objects. As
a programming technique, it is used most often in the context of lazy programming languages, and can be preferable
to recursion when the desired size or precision of a program’s output is unknown. In such cases the program requires
both a definition for an infinitely large (or infinitely precise) result, and a mechanism for taking a finite portion of that
result. The problem of computing the first n prime numbers is one that can be solved with a corecursive program
(e.g. here).

1.3 Types of recursion

1.3.1 Single recursion and multiple recursion

Recursion that only contains a single self-reference is known as single recursion, while recursion that contains mul-
tiple self-references is known as multiple recursion. Standard examples of single recursion include list traversal,
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such as in a linear search, or computing the factorial function, while standard examples of multiple recursion include
tree traversal, such as in a depth-first search.

Single recursion is often much more efficient than multiple recursion, and can generally be replaced by an iterative
computation, running in linear time and requiring constant space. Multiple recursion, by contrast, may require ex-
ponential time and space, and is more fundamentally recursive, not being able to be replaced by iteration without an
explicit stack.

Multiple recursion can sometimes be converted to single recursion (and, if desired, thence to iteration). For example,
while computing the Fibonacci sequence naively is multiple iteration, as each value requires two previous values, it
can be computed by single recursion by passing two successive values as parameters. This is more naturally framed
as corecursion, building up from the initial values, tracking at each step two successive values — see corecursion:
examples. A more sophisticated example is using a threaded binary tree, which allows iterative tree traversal, rather
than multiple recursion.

1.3.2 Indirect recursion

Main article: Mutual recursion

Most basic examples of recursion, and most of the examples presented here, demonstrate direct recursion, in which
a function calls itself. Indirect recursion occurs when a function is called not by itself but by another function that
it called (either directly or indirectly). For example, if f calls f, that is direct recursion, but if f calls g which calls
/, then that is indirect recursion of f. Chains of three or more functions are possible; for example, function 1 calls
function 2, function 2 calls function 3, and function 3 calls function 1 again.

Indirect recursion is also called mutual recursion, which is a more symmetric term, though this is simply a difference
of emphasis, not a different notion. That is, if f calls g and then g calls f, which in turn calls g again, from the point of
view of f alone, f is indirectly recursing, while from the point of view of g alone, it is indirectly recursing, while from
the point of view of both, f and g are mutually recursing on each other. Similarly a set of three or more functions
that call each other can be called a set of mutually recursive functions.

1.3.3 Anonymous recursion

Main article: Anonymous recursion

Recursion is usually done by explicitly calling a function by name. However, recursion can also be done via implicitly
calling a function based on the current context, which is particularly useful for anonymous functions, and is known
as anonymous recursion.

1.3.4 Structural versus generative recursion

See also: Structural recursion

Some authors classify recursion as either “structural” or “generative”. The distinction is related to where a recursive
procedure gets the data that it works on, and how it processes that data:

[Functions that consume structured data] typically decompose their arguments into their immediate
structural components and then process those components. If one of the immediate components belongs
to the same class of data as the input, the function is recursive. For that reason, we refer to these functions
as (STRUCTURALLY) RECURSIVE FUNCTIONS.™

Thus, the defining characteristic of a structurally recursive function is that the argument to each recursive call is
the content of a field of the original input. Structural recursion includes nearly all tree traversals, including XML
processing, binary tree creation and search, etc. By considering the algebraic structure of the natural numbers (that
is, a natural number is either zero or the successor of a natural number), functions such as factorial may also be
regarded as structural recursion.
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Generative recursion is the alternative:

Many well-known recursive algorithms generate an entirely new piece of data from the given data
and recur on it. HDP (How To Design Programs) refers to this kind as generative recursion. Examples
of generative recursion include: gcd, quicksort, binary search, mergesort, Newton’s method, fractals,
and adaptive integration.!

This distinction is important in proving termination of a function.

e All structurally recursive functions on finite (inductively defined) data structures can easily be shown to termi-
nate, via structural induction: intuitively, each recursive call receives a smaller piece of input data, until a base
case is reached.

e Generatively recursive functions, in contrast, do not necessarily feed smaller input to their recursive calls, so
proof of their termination is not necessarily as simple, and avoiding infinite loops requires greater care. These
generatively recursive functions can often be interpreted as corecursive functions — each step generates the new
data, such as successive approximation in Newton’s method — and terminating this corecursion requires that
the data eventually satisfy some condition, which is not necessarily guaranteed.

e In terms of loop variants, structural recursion is when there is an obvious loop variant, namely size or com-
plexity, which starts off finite and decreases at each recursive step.

e By contrast, generative recursion is when there is not such an obvious loop variant, and termination depends on
a function, such as “error of approximation” that does not necessarily decrease to zero, and thus termination is
not guaranteed without further analysis.

1.4 Recursive programs

1.4.1 Recursive procedures
Factorial

A classic example of a recursive procedure is the function used to calculate the factorial of a natural number:

1 ifn=20

fact(n) =
() n-fact(in — 1) ifn>0

The function can also be written as a recurrence relation:

by, = nbp_1

bp=1

This evaluation of the recurrence relation demonstrates the computation that would be performed in evaluating the
pseudocode above:

This factorial function can also be described without using recursion by making use of the typical looping constructs
found in imperative programming languages:

The imperative code above is equivalent to this mathematical definition using an accumulator variable t:

fact(n) = factyc(n,1)
t ifn=20

factyec(n,t) = ]
(n,?) factye(n — 1,nt) ifn >0

The definition above translates straightforwardly to functional programming languages such as Scheme; this is an
example of iteration implemented recursively.
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Greatest common divisor

The Euclidean algorithm, which computes the greatest common divisor of two integers, can be written recursively.

Function definition:

x ify=0
gcd(y, remainder(x,y)) ify >0

ged(z,y) = {
Recurrence relation for greatest common divisor, where x%y expresses the remainder of z/y :

ged(z, y) = ged(y, 2%y) if y # 0
ged(z,0) =z

The recursive program above is tail-recursive; it is equivalent to an iterative algorithm, and the computation shown
above shows the steps of evaluation that would be performed by a language that eliminates tail calls. Below is a version
of the same algorithm using explicit iteration, suitable for a language that does not eliminate tail calls. By maintaining
its state entirely in the variables x and y and using a looping construct, the program avoids making recursive calls and
growing the call stack.

The iterative algorithm requires a temporary variable, and even given knowledge of the Euclidean algorithm it is more
difficult to understand the process by simple inspection, although the two algorithms are very similar in their steps.

Towers of Hanoi

Towers of Hanoi

Main article: Towers of Hanoi

The Towers of Hanoi is a mathematical puzzle whose solution illustrates recursion.®!l”! There are three pegs which
can hold stacks of disks of different diameters. A larger disk may never be stacked on top of a smaller. Starting with
n disks on one peg, they must be moved to another peg one at a time. What is the smallest number of steps to move
the stack?

Function definition:

1 ifn=1

hanoi(n) =
() {Q-hanoi(n—l)—l—l ifn>1
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Recurrence relation for hanoi:

hp =2hp_1+1

hi1=1

Example implementations:

Although not all recursive functions have an explicit solution, the Tower of Hanoi sequence can be reduced to an
explicit formula.!®!

Binary search

The binary search algorithm is a method of searching a sorted array for a single element by cutting the array in half
with each recursive pass. The trick is to pick a midpoint near the center of the array, compare the data at that point
with the data being searched and then responding to one of three possible conditions: the data is found at the midpoint,
the data at the midpoint is greater than the data being searched for, or the data at the midpoint is less than the data
being searched for.

Recursion is used in this algorithm because with each pass a new array is created by cutting the old one in half. The
binary search procedure is then called recursively, this time on the new (and smaller) array. Typically the array’s
size is adjusted by manipulating a beginning and ending index. The algorithm exhibits a logarithmic order of growth
because it essentially divides the problem domain in half with each pass.

Example implementation of binary search in C:

/* Call binary_search with proper initial conditions. INPUT: data is an array of integers SORTED in ASCEND-
ING order, toFind is the integer to search for, count is the total number of elements in the array OUTPUT: result
of binary_search */ int search(int *data, int toFind, int count) { // Start = 0 (beginning index) // End = count - 1
(top index) return binary_search(data, toFind, 0, count-1); } /* Binary Search Algorithm. INPUT: data is a array
of integers SORTED in ASCENDING order, toFind is the integer to search for, start is the minimum array index,
end is the maximum array index OUTPUT: position of the integer toFind within array data, —1 if not found */ int
binary_search(int *data, int toFind, int start, int end) { //Get the midpoint. int mid = start + (end - start)/2; //Inte-
ger division //Stop condition. if (start > end) return —1; else if (data[mid] == toFind) //Found? return mid; else if
(data[mid] > toFind) //Data is greater than toFind, search lower half return binary_search(data, toFind, start, mid-1);
else //Data is less than toFind, search upper half return binary_search(data, toFind, mid+1, end); }

1.4.2 Recursive data structures (structural recursion)

Main article: Recursive data type

An important application of recursion in computer science is in defining dynamic data structures such as lists and trees.
Recursive data structures can dynamically grow to a theoretically infinite size in response to runtime requirements; in
contrast, the size of a static array must be set at compile time.

“Recursive algorithms are particularly appropriate when the underlying problem or the data to be
treated are defined in recursive terms.”™!

The examples in this section illustrate what is known as “structural recursion”. This term refers to the fact that the
recursive procedures are acting on data that is defined recursively.

As long as a programmer derives the template from a data definition, functions employ structural re-
cursion. That is, the recursions in a function’s body consume some immediate piece of a given compound
value. !
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Linked lists

Main article: Linked list

Below is a C definition of a linked list node structure. Notice especially how the node is defined in terms of itself.
The “next” element of struct node is a pointer to another struct node, effectively creating a list type.

struct node { int data; // some integer data struct node *next; // pointer to another struct node };

Because the struct node data structure is defined recursively, procedures that operate on it can be implemented natu-
rally as recursive procedures. The list_print procedure defined below walks down the list until the list is empty (i.e.,
the list pointer has a value of NULL). For each node it prints the data element (an integer). In the C implementation,
the list remains unchanged by the list_print procedure.

void list_print(struct node *list) { if (list != NULL) // base case { printf ("%d ", list->data); // print integer data
followed by a space list_print (list->next); // recursive call on the next node } }

Binary trees

Main article: Binary tree

Below is a simple definition for a binary tree node. Like the node for linked lists, it is defined in terms of itself,
recursively. There are two self-referential pointers: left (pointing to the left sub-tree) and right (pointing to the right
sub-tree).

struct node { int data; // some integer data struct node *left; // pointer to the left subtree struct node *right; // point
to the right subtree };

Operations on the tree can be implemented using recursion. Note that because there are two self-referencing pointers
(left and right), tree operations may require two recursive calls:

// Test if tree_node contains i; return 1 if so, O if not. int tree_contains(struct node *tree_node, int i) { if (tree_node
== NULL) return 0; // base case else if (tree_node->data == 1) return 1; else return tree_contains(tree_node->left,
1) Il tree_contains(tree_node->right, i); }

At most two recursive calls will be made for any given call to tree_contains as defined above.

// Inorder traversal: void tree_print(struct node *tree_node) { if (tree_node !=NULL) { // base case tree_print(tree_node-
>left); // go left printf("%d ", tree_node->data); // print the integer followed by a space tree_print(tree_node->right);
/] goright } }

The above example illustrates an in-order traversal of the binary tree. A Binary search tree is a special case of the
binary tree where the data elements of each node are in order.

Filesystem traversal

Since the number of files in a filesystem may vary, recursion is the only practical way to traverse and thus enumerate
its contents. Traversing a filesystem is very similar to that of tree traversal, therefore the concepts behind tree traversal
are applicable to traversing a filesystem. More specifically, the code below would be an example of a preorder traversal
of a filesystem.

import java.io.*; public class FileSystem { public static void main (String [] args) { traverse (); } /** * Obtains
the filesystem roots * Proceeds with the recursive filesystem traversal */ private static void traverse () { File [] fs =
File.listRoots (); for (int i = 0; i < fs.length; i++) { if (fs[i].isDirectory () && fs[i].canRead ()) { rtraverse (fs[i]); } }
} /*¥* * Recursively traverse a given directory * * @param fd indicates the starting point of traversal */ private static
void rtraverse (File fd) { File [] fss = fd.listFiles (); for (int i = 0; i < fss.length; i++) { System.out.println (fss[i]); if
(fss[i].isDirectory () && fss[i].canRead ()) { rtraverse (fss[i]); } } } }
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This code blends the lines, at least somewhat, between recursion and iteration. It is, essentially, a recursive imple-
mentation, which is the best way to traverse a filesystem. It is also an example of direct and indirect recursion. The
method “rtraverse” is purely a direct example; the method “traverse” is the indirect, which calls “rtraverse.” This ex-
ample needs no “base case” scenario due to the fact that there will always be some fixed number of files or directories
in a given filesystem.

1.5 Implementation issues

In actual implementation, rather than a pure recursive function (single check for base case, otherwise recursive step),
a number of modifications may be made, for purposes of clarity or efficiency. These include:

e Wrapper function (at top)
e Short-circuiting the base case, aka “Arm’s-length recursion” (at bottom)

e Hybrid algorithm (at bottom) — switching to a different algorithm once data is small enough

On the basis of elegance, wrapper functions are generally approved, while short-circuiting the base case is frowned
upon, particularly in academia. Hybrid algorithms are often used for efficiency, to reduce the overhead of recursion
in small cases, and arm’s-length recursion is a special case of this.

1.5.1 Wrapper function

A wrapper function is a function that is directly called but does not recurse itself, instead calling a separate auxiliary
function which actually does the recursion.

Wrapper functions can be used to validate parameters (so the recursive function can skip these), perform initializa-
tion (allocate memory, initialize variables), particularly for auxiliary variables such as “level of recursion” or partial
computations for memoization, and handle exceptions and errors. In languages that support nested functions, the aux-
iliary function can be nested inside the wrapper function and use a shared scope. In the absence of nested functions,
auxiliary functions are instead a separate function, if possible private (as they are not called directly), and information
is shared with the wrapper function by using pass-by-reference.

1.5.2 Short-circuiting the base case

Short-circuiting the base case, also known as arm’s-length recursion, consists of checking the base case before
making a recursive call — i.e., checking if the next call will be the base case, instead of calling and then checking for
the base case. Short-circuiting is particularly done for efficiency reasons, to avoid the overhead of a function call that
immediately returns. Note that since the base case has already been checked for (immediately before the recursive
step), it does not need to be checked for separately, but one does need to use a wrapper function for the case when
the overall recursion starts with the base case itself. For example, in the factorial function, properly the base case is
0! = 1, while immediately returning 1 for 1! is a short-circuit, and may miss O; this can be mitigated by a wrapper
function.

Short-circuiting is primarily a concern when many base cases are encountered, such as Null pointers in a tree, which
can be linear in the number of function calls, hence significant savings for O(n) algorithms; this is illustrated below for
a depth-first search. Short-circuiting on a tree corresponds to considering a leaf (non-empty node with no children)
as the base case, rather than considering an empty node as the base case. If there is only a single base case, such as
in computing the factorial, short-circuiting provides only O(1) savings.

Conceptually, short-circuiting can be considered to either have the same base case and recursive step, only checking
the base case before the recursion, or it can be considered to have a different base case (one step removed from
standard base case) and a more complex recursive step, namely “check valid then recurse”, as in considering leaf
nodes rather than Null nodes as base cases in a tree. Because short-circuiting has a more complicated flow, compared
with the clear separation of base case and recursive step in standard recursion, it is often considered poor style,
particularly in academia.
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Depth-first search

A basic example of short-circuiting is given in depth-first search (DFS) of a binary tree; see binary trees section for
standard recursive discussion.

The standard recursive algorithm for a DFS is:

e base case: If current node is Null, return false

e recursive step: otherwise, check value of current node, return true if match, otherwise recurse on children
In short-circuiting, this is instead:

e check value of current node, return true if match,

e otherwise, on children, if not Null, then recurse.

In terms of the standard steps, this moves the base case check before the recursive step. Alternatively, these can be
considered a different form of base case and recursive step, respectively. Note that this requires a wrapper function
to handle the case when the tree itself is empty (root node is Null).

In the case of a perfect binary tree of height /, there are 2/*'—1 nodes and 2+ Null pointers as children (2 for each
of the 2" leaves), so short-circuiting cuts the number of function calls in half in the worst case.

In C, the standard recursive algorithm may be implemented as:

bool tree_contains(struct node *tree_node, int 1) { if (tree_node == NULL) return false; // base case else if (tree_node-
>data == 1) return true; else return tree_contains(tree_node->left, i) Il tree_contains(tree_node->right, 1); }

The short-circuited algorithm may be implemented as:

/I Wrapper function to handle empty tree bool tree_contains(struct node *tree_node, int i) { if (tree_node ==
NULL) return false; // empty tree else return tree_contains_do(tree_node, i); // call auxiliary function } // Assumes
tree_node != NULL bool tree_contains_do(struct node *tree_node, int i) { if (tree_node->data == i) return true;
// found else // recurse return (tree_node->left && tree_contains_do(tree_node->left, 1)) Il (tree_node->right &&
tree_contains_do(tree_node->right, 1)); }

Note the use of short-circuit evaluation of the Boolean && (AND) operators, so that the recursive call is only made
if the node is valid (non-Null). Note that while the first term in the AND is a pointer to a node, the second term is a
bool, so the overall expression evaluates to a bool. This is a common idiom in recursive short-circuiting. This is in
addition to the short-circuit evaluation of the Boolean Il (OR) operator, to only check the right child if the left child
fails. In fact, the entire control flow of these functions can be replaced with a single Boolean expression in a return
statement, but legibility suffers at no benefit to efficiency.

1.5.3 Hybrid algorithm

Recursive algorithms are often inefficient for small data, due to the overhead of repeated function calls and returns. For
this reason efficient implementations of recursive algorithms often start with the recursive algorithm, but then switch to
a different algorithm when the input becomes small. An important example is merge sort, which is often implemented
by switching to the non-recursive insertion sort when the data is sufficiently small, as in the tiled merge sort. Hybrid
recursive algorithms can often be further refined, as in Timsort, derived from a hybrid merge sort/insertion sort.

1.6 Recursion versus iteration

Recursion and iteration are equally expressive: recursion can be replaced by iteration with an explicit stack, while
iteration can be replaced with tail recursion. Which approach is preferable depends on the problem under consid-
eration and the language used. In imperative programming, iteration is preferred, particularly for simple recursion,
as it avoids the overhead of function calls and call stack management, but recursion is generally used for multiple
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recursion. By contrast, in functional languages recursion is preferred, with tail recursion optimization leading to little
overhead, and sometimes explicit iteration is not available.

Compare the templates to compute x, defined by x, = f(n, X,-1) from Xpyge:

For imperative language the overhead is to define the function, for functional language the overhead is to define the
accumulator variable x.

For example, the factorial function may be implemented iteratively in C by assigning to an loop index variable and
accumulator variable, rather than passing arguments and returning values by recursion:

unsigned int factorial(unsigned int n) { unsigned int product = 1; // empty product is 1 while (n) { product *=n; --n;
} return product; }

1.6.1 Expressive power

Most programming languages in use today allow the direct specification of recursive functions and procedures. When
such a function is called, the program’s runtime environment keeps track of the various instances of the function
(often using a call stack, although other methods may be used). Every recursive function can be transformed into
an iterative function by replacing recursive calls with iterative control constructs and simulating the call stack with a
stack explicitly managed by the program.['91!]

Conversely, all iterative functions and procedures that can be evaluated by a computer (see Turing completeness)
can be expressed in terms of recursive functions; iterative control constructs such as while loops and do loops are
routinely rewritten in recursive form in functional languages.'?!!'3] However, in practice this rewriting depends on
tail call elimination, which is not a feature of all languages. C, Java, and Python are notable mainstream languages
in which all function calls, including tail calls, may cause stack allocation that would not occur with the use of
looping constructs; in these languages, a working iterative program rewritten in recursive form may overflow the call
stack, although tail call elimination may be a feature that is not covered by a language’s specification, and different
implementations of the same language may differ in tail call elimination capabilities.

1.6.2 Performance issues

In languages (such as C and Java) that favor iterative looping constructs, there is usually significant time and space
cost associated with recursive programs, due to the overhead required to manage the stack and the relative slowness
of function calls; in functional languages, a function call (particularly a tail call) is typically a very fast operation, and
the difference is usually less noticeable.

As a concrete example, the difference in performance between recursive and iterative implementations of the “fac-
torial” example above depends highly on the compiler used. In languages where looping constructs are preferred, the
iterative version may be as much as several orders of magnitude faster than the recursive one. In functional languages,
the overall time difference of the two implementations may be negligible; in fact, the cost of multiplying the larger
numbers first rather than the smaller numbers (which the iterative version given here happens to do) may overwhelm
any time saved by choosing iteration.

1.6.3 Stack space

In some programming languages, the stack space available to a thread is much less than the space available in the heap,
and recursive algorithms tend to require more stack space than iterative algorithms. Consequently, these languages
sometimes place a limit on the depth of recursion to avoid stack overflows; Python is one such language.!'*! Note the
caveat below regarding the special case of tail recursion.

1.6.4 Multiply recursive problems

Multiply recursive problems are inherently recursive, because of prior state they need to track. One example is tree
traversal as in depth-first search; contrast with list traversal and linear search in a list, which is singly recursive and
thus naturally iterative. Other examples include divide-and-conquer algorithms such as Quicksort, and functions such
as the Ackermann function. All of these algorithms can be implemented iteratively with the help of an explicit stack,
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but the programmer effort involved in managing the stack, and the complexity of the resulting program, arguably
outweigh any advantages of the iterative solution.

1.7 Tail-recursive functions

Tail-recursive functions are functions in which all recursive calls are tail calls and hence do not build up any deferred
operations. For example, the gcd function (shown again below) is tail-recursive. In contrast, the factorial function
(also below) is not tail-recursive; because its recursive call is not in tail position, it builds up deferred multiplication
operations that must be performed after the final recursive call completes. With a compiler or interpreter that treats
tail-recursive calls as jumps rather than function calls, a tail-recursive function such as ged will execute using constant
space. Thus the program is essentially iterative, equivalent to using imperative language control structures like the
“for” and “while” loops.

The significance of tail recursion is that when making a tail-recursive call (or any tail call), the caller’s return position
need not be saved on the call stack; when the recursive call returns, it will branch directly on the previously saved
return position. Therefore, in languages that recognize this property of tail calls, tail recursion saves both space and
time.

1.8 Order of execution

In the simple case of a function calling itself only once, instructions placed before the recursive call are executed once
per recursion before any of the instructions placed after the recursive call. The latter are executed repeatedly after
the maximum recursion has been reached. Consider this example:

1.8.1 Function 1

void recursiveFunction(int num) { printf("%d\n”, num); if (num < 4) recursiveFunction(num + 1); }

1 recursiveFunction(0)

2 printf(0)

3 recursiveFunction(0+1)

4 printf(1)

5 recursiveFunction(1+1)

6 printf(2)

7 recursiveFunction(2+1)

8 printf(3)

9 recursiveFunction(3+1)
10 printf(4)

1.8.2 Function 2 with swapped lines

void recursiveFunction(int num) { if (num < 4) recursiveFunction(num + 1); printf("%d\n”, num); }

1 recursiveFunction(0)

2 recursiveFunction(0+1)

3 recursiveFunction(1+1)

4 recursiveFunction(2+1)

5 recursiveFunction(3+1)
6 printf(4)

7 printf(3)

8 printf(2)

9 printf(1)

10 printf(0)
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1.9 Time-efficiency of recursive algorithms

The time efficiency of recursive algorithms can be expressed in a recurrence relation of Big O notation. They can
(usually) then be simplified into a single Big-Oh term.

1.9.1 Shortcut rule (master theorem)

Main article: Master theorem

If the time-complexity of the function is in the form

T(n) =a-T(n/b)+ f(n)

Then the Big-Oh of the time-complexity is thus:
e If f(n) = O(n'% 2~<) for some constant € > 0, then T'(n) = O(n!°% @)
o If f(n) = O(n'°% ) then T'(n) = O(n'°% % logn)

o If f(n) = Q(n' 2%<) for some constant € > 0, and if a - f(n/b) < c- f(n) for some constant ¢ < 1 and all
sufficiently large n, then T'(n) = ©(f(n))

where a represents the number of recursive calls at each level of recursion, b represents by what factor smaller the
input is for the next level of recursion (i.e. the number of pieces you divide the problem into), and f (n) represents
the work the function does independent of any recursion (e.g. partitioning, recombining) at each level of recursion.

1.10 See also

e Functional programming

e Hierarchical and recursive queries in SQL

Kleene—Rosser paradox
e Open recursion

e Recursion

Sierpiniski curve

1.10.1 Recursive functions

e McCarthy 91 function
e -recursive functions
e Primitive recursive functions

e Tak (function)

1.10.2 Books

e Structure and Interpretation of Computer Programs

e Walls and Mirrors
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Chapter 2

Divide and conquer algorithm

In computer science, divide and conquer (D&C) is an algorithm design paradigm based on multi-branched recursion.
A divide and conquer algorithm works by recursively breaking down a problem into two or more sub-problems of the
same or related type, until these become simple enough to be solved directly. The solutions to the sub-problems are
then combined to give a solution to the original problem.

This divide and conquer technique is the basis of efficient algorithms for all kinds of problems, such as sorting (e.g.,
quicksort, merge sort), multiplying large numbers (e.g. the Karatsuba algorithm), finding the closest pair of points,
syntactic analysis (e.g., top-down parsers), and computing the discrete Fourier transform (FFTs).

Understanding and designing D&C algorithms is a complex skill that requires a good understanding of the nature
of the underlying problem to be solved. As when proving a theorem by induction, it is often necessary to replace
the original problem with a more general or complicated problem in order to initialize the recursion, and there is no
systematic method for finding the proper generalization. These D&C complications are seen when optimizing the
calculation of a Fibonacci number with efficient double recursion.

The correctness of a divide and conquer algorithm is usually proved by mathematical induction, and its computational
cost is often determined by solving recurrence relations.

2.1 Divide and conquer

The name “divide and conquer” is sometimes applied also to algorithms that reduce each problem to only one sub-
problem, such as the binary search algorithm for finding a record in a sorted list (or its analog in numerical computing,
the bisection algorithm for root finding).[!! These algorithms can be implemented more efficiently than general divide-
and-conquer algorithms; in particular, if they use tail recursion, they can be converted into simple loops. Under this
broad definition, however, every algorithm that uses recursion or loops could be regarded as a “divide and conquer
algorithm”. Therefore, some authors consider that the name “divide and conquer” should be used only when each
problem may generate two or more subproblems.'?! The name decrease and conquer has been proposed instead for
the single-subproblem class."!

An important application of divide and conquer is in optimization, where if the search space is reduced (“pruned”)
by a constant factor at each step, the overall algorithm has the same asymptotic complexity as the pruning step, with
the constant depending on the pruning factor (by summing the geometric series); this is known as prune and search.

2.2 Early historical examples

Early examples of these algorithms are primarily decrease and conquer — the original problem is successively broken
down into single subproblems, and indeed can be solved iteratively.

Binary search, a decrease and conquer algorithm where the subproblems are of roughly half the original size, has a long
history. While a clear description of the algorithm on computers appeared in 1946 in an article by John Mauchly, the
idea of using a sorted list of items to facilitate searching dates back at least as far as Babylonia in 200 BC."*! Another
ancient decrease and conquer algorithm is the Euclidean algorithm to compute the greatest common divisor of two
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numbers by reducing the numbers to smaller and smaller equivalent subproblems, which dates to several centuries
BC.

There is no documentary evidence confirming that Carl Friedrich Gauss knew at least one fast method or algorithm,
however in 1! is described how to get the DFT from Gauss’s formulas, and then on the basis of the Karatsuba idea to
obtain what is now called the Cooley-Tukey fast Fourier transform (FFT) algorithm. It should be noted without the
addition of other formulas, the formulae of Gauss text does not give the FFT.

An early two-subproblem D&C algorithm that was specifically developed for computers and properly analyzed is the
merge sort algorithm, invented by John von Neumann in 1945.1°!

Another notable example is the algorithm invented by Anatolii A. Karatsuba in 196071 that could multiply two n-
digit numbers in O(n'°¢23) operations (in Big O notation). This algorithm disproved Andrey Kolmogorov's 1956
conjecture that ©(n?) operations would be required for that task.

As another example of a divide and conquer algorithm that did not originally involve computers, Donald Knuth gives
the method a post office typically uses to route mail: letters are sorted into separate bags for different geographical
areas, each of these bags is itself sorted into batches for smaller sub-regions, and so on until they are delivered.!*!
This is related to a radix sort, described for punch-card sorting machines as early as 1929.4!

2.3 Advantages

2.3.1 Solving difficult problems

Divide and conquer is a powerful tool for solving conceptually difficult problems: all it requires is a way of breaking
the problem into sub-problems, of solving the trivial cases and of combining sub-problems to the original problem.
Similarly, divide and conquer only requires reducing the problem to a single smaller problem, such as the classic
Tower of Hanoi puzzle, which reduces moving a tower of height n to moving a tower of height n — 1.

2.3.2 Algorithm efficiency

The divide-and-conquer paradigm often helps in the discovery of efficient algorithms. It was the key, for example,
to Karatsuba’s fast multiplication method, the quicksort and mergesort algorithms, the Strassen algorithm for matrix
multiplication, and fast Fourier transforms.

In all these examples, the D& C approach led to an improvement in the asymptotic cost of the solution. For example,
if (a) the base cases have constant-bounded size, the work of splitting the problem and combining the partial solutions
is proportional to the problem’s size n, and (b) there is a bounded number p of subproblems of size ~ n/p at each stage,
then the cost of the divide-and-conquer algorithm will be O(n logpn).

2.3.3 Parallelism

Divide and conquer algorithms are naturally adapted for execution in multi-processor machines, especially shared-
memory systems where the communication of data between processors does not need to be planned in advance,
because distinct sub-problems can be executed on different processors.

2.3.4 Memory access

Divide-and-conquer algorithms naturally tend to make efficient use of memory caches. The reason is that once a sub-
problem is small enough, it and all its sub-problems can, in principle, be solved within the cache, without accessing
the slower main memory. An algorithm designed to exploit the cache in this way is called cache-oblivious, because it
does not contain the cache size as an explicit parameter.!®! Moreover, D&C algorithms can be designed for important
algorithms (e.g., sorting, FFTs, and matrix multiplication) to be opfimal cache-oblivious algorithms—they use the
cache in a probably optimal way, in an asymptotic sense, regardless of the cache size. In contrast, the traditional
approach to exploiting the cache is blocking, as in loop nest optimization, where the problem is explicitly divided into
chunks of the appropriate size—this can also use the cache optimally, but only when the algorithm is tuned for the
specific cache size(s) of a particular machine.
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The same advantage exists with regards to other hierarchical storage systems, such as NUMA or virtual memory, as
well as for multiple levels of cache: once a sub-problem is small enough, it can be solved within a given level of the
hierarchy, without accessing the higher (slower) levels.

2.3.5 Roundoff control

In computations with rounded arithmetic, e.g. with floating point numbers, a divide-and-conquer algorithm may yield
more accurate results than a superficially equivalent iterative method. For example, one can add N numbers either
by a simple loop that adds each datum to a single variable, or by a D&C algorithm called pairwise summation that
breaks the data set into two halves, recursively computes the sum of each half, and then adds the two sums. While
the second method performs the same number of additions as the first, and pays the overhead of the recursive calls,
it is usually more accurate.

2.4 Implementation issues

2.4.1 Recursion

Divide-and-conquer algorithms are naturally implemented as recursive procedures. In that case, the partial sub-
problems leading to the one currently being solved are automatically stored in the procedure call stack. A recursive
function is a function that calls itself within its definition.

2.4.2 Explicit stack

Divide and conquer algorithms can also be implemented by a non-recursive program that stores the partial sub-
problems in some explicit data structure, such as a stack, queue, or priority queue. This approach allows more
freedom in the choice of the sub-problem that is to be solved next, a feature that is important in some applications
— e.g. in breadth-first recursion and the branch and bound method for function optimization. This approach is also
the standard solution in programming languages that do not provide support for recursive procedures.

2.4.3 Stack size

In recursive implementations of D&C algorithms, one must make sure that there is sufficient memory allocated for
the recursion stack, otherwise the execution may fail because of stack overflow. Fortunately, D&C algorithms that are
time-efficient often have relatively small recursion depth. For example, the quicksort algorithm can be implemented
so that it never requires more than log, n nested recursive calls to sort n items.

Stack overflow may be difficult to avoid when using recursive procedures, since many compilers assume that the
recursion stack is a contiguous area of memory, and some allocate a fixed amount of space for it. Compilers may also
save more information in the recursion stack than is strictly necessary, such as return address, unchanging parameters,
and the internal variables of the procedure. Thus, the risk of stack overflow can be reduced by minimizing the
parameters and internal variables of the recursive procedure, or by using an explicit stack structure.

2.4.4 Choosing the base cases

In any recursive algorithm, there is considerable freedom in the choice of the base cases, the small subproblems that
are solved directly in order to terminate the recursion.

Choosing the smallest or simplest possible base cases is more elegant and usually leads to simpler programs, because
there are fewer cases to consider and they are easier to solve. For example, an FFT algorithm could stop the recursion
when the input is a single sample, and the quicksort list-sorting algorithm could stop when the input is the empty list;
in both examples there is only one base case to consider, and it requires no processing.

On the other hand, efficiency often improves if the recursion is stopped at relatively large base cases, and these are
solved non-recursively, resulting in a hybrid algorithm. This strategy avoids the overhead of recursive calls that do
little or no work, and may also allow the use of specialized non-recursive algorithms that, for those base cases, are
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more efficient than explicit recursion. A general procedure for a simple hybrid recursive algorithm is short-circuiting
the base case, also known as arm s-length recursion. In this case whether the next step will result in the base case is
checked before the function call, avoiding an unnecessary function call. For example, in a tree, rather than recursing
to a child node and then checking if it is null, checking null before recursing; this avoids half the function calls in
some algorithms on binary trees. Since a D&C algorithm eventually reduces each problem or sub-problem instance
to a large number of base instances, these often dominate the overall cost of the algorithm, especially when the
splitting/joining overhead is low. Note that these considerations do not depend on whether recursion is implemented
by the compiler or by an explicit stack.

Thus, for example, many library implementations of quicksort will switch to a simple loop-based insertion sort (or
similar) algorithm once the number of items to be sorted is sufficiently small. Note that, if the empty list were the
only base case, sorting a list with n entries would entail maximally » quicksort calls that would do nothing but return
immediately. Increasing the base cases to lists of size 2 or less will eliminate most of those do-nothing calls, and more
generally a base case larger than 2 is typically used to reduce the fraction of time spent in function-call overhead or
stack manipulation.

Alternatively, one can employ large base cases that still use a divide-and-conquer algorithm, but implement the
algorithm for predetermined set of fixed sizes where the algorithm can be completely unrolled into code that has no
recursion, loops, or conditionals (related to the technique of partial evaluation). For example, this approach is used in
some efficient FFT implementations, where the base cases are unrolled implementations of divide-and-conquer FFT
algorithms for a set of fixed sizes.'”! Source code generation methods may be used to produce the large number of
separate base cases desirable to implement this strategy efficiently. 1!

The generalized version of this idea is known as recursion “unrolling” or “coarsening” and various techniques have
been proposed for automating the procedure of enlarging the base case.!'!!

2.4.5 Sharing repeated subproblems

For some problems, the branched recursion may end up evaluating the same sub-problem many times over. In such
cases it may be worth identifying and saving the solutions to these overlapping subproblems, a technique commonly
known as memoization. Followed to the limit, it leads to bottom-up divide-and-conquer algorithms such as dynamic
programming and chart parsing.

2.5 See also

e Akra—Bazzi method

e Fork—join model

e Master theorem

e Mathematical induction
e MapReduce

e Heuristic (computer science)
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Chapter 3

Karatsuba algorithm

The Karatsuba algorithm is a fast multiplication algorithm. It was discovered by Anatoly Karatsuba in 1960 and
published in 1962.11121131 Tt reduces the multiplication of two n-digit numbers to at most n'°%23 =~ n!-58% single-
digit multiplications in general (and exactly n'°%23 when n is a power of 2). It is therefore faster than the classical
algorithm, which requires n? single-digit products. For example, the Karatsuba algorithm requires 3'° = 59,049
single-digit multiplications to multiply two 1024-digit numbers (n = 1024 = 210), whereas the classical algorithm
requires (210)% = 1,048,576.

The Karatsuba algorithm was the first multiplication algorithm asymptotically faster than the quadratic “grade school”
algorithm. The Toom—Cook algorithm is a faster generalization of Karatsuba’s method, and the Schonhage—Strassen
algorithm is even faster, for sufficiently large n.

3.1 History

The standard procedure for multiplication of two n-digit numbers requires a number of elementary operations pro-
portional to n? , or ©(n?) in the big-O notation. Andrey Kolmogorov conjectured that the classical algorithm was
asymptotically optimal, meaning that any algorithm for that task would require 2(n?) elementary operations.

In 1960, Kolmogorov organized a seminar on mathematical problems in cybernetics at the Moscow State University,
where he stated the £2(n?) conjecture and other problems in the complexity of computation. Within a week, Karat-
suba, then a 23-year-old student, found an algorithm (later it was called “divide and conquer”) that multiplies two
n-digit numbers in ©(n'°22 3) elementary steps, thus disproving the conjecture. Kolmogorov was very agitated about
the discovery; he communicated it at the next meeting of the seminar, which was then terminated. Kolmogorov did
some lectures on the Karatsuba result at the conferences all over the world (see, for example, “Proceedings of the
international congress of mathematicians 1962”, pp. 351-356, and also “6 Lectures delivered at the International
Congress of Mathematicians in Stockholm, 1962”) and published the method in 1962, in the Proceedings of the
USSR Academy of Sciences. The article had been written by Kolmogorov and contained two results on multipli-
cation, Karatsuba’s algorithm and a separate result by Yuri Ofman; it listed “A. Karatsuba and Yu. Ofman” as the
authors. Karatsuba only became aware of the paper when he received the reprints from the publisher.”’

3.2 Algorithm

3.2.1 Basic step

The basic step of Karatsuba’s algorithm is a formula that allows one to compute the product of two large numbers
z and y using three multiplications of smaller numbers, each with about half as many digits as = or y , plus some
additions and digit shifts.

Let z and y be represented as n -digit strings in some base B . For any positive integer m less than n , one can write
the two given numbers as

r=x1B™+x0y=1B"+ 1y,
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where xg and yq are less than B™ . The product is then

2y = (£1B™ + 20)(y1 B™ + yo) 2y = 22B*™ + 21 B™ + 2,
where

Zg = Z1Y1 21 = T1Yo + ToY1 2o = ToYo -

These formulae require four multiplications, and were known to Charles Babbage.*! Karatsuba observed that 27 can
be computed in only three multiplications, at the cost of a few extra additions. With zg and 25 as before one can
calculate

21 = (x1 +20)(y1 +yo) — 22 — 20
which holds since
21 = 1Yo + woy1 21 = (1 + 20) (Y1 + Yo) — T1Y1 — Toyo -

A more efficient implementation of Karatsuba multiplication can be set as °! xy = (b% + b)x1y1 — b(21 — 20) (Y1 —
yo) + (b + 1)zoyo , where b = B™ .

3.2.2 Example

To compute the product of 12345 and 6789, choose B = 10 and m = 3. Then we decompose the input operands using
the resulting base (B = 1000), as:

12345 =12 - 1000 + 345
6789 =6 - 1000 + 789

Only three multiplications, which operate on smaller integers, are used to compute three partial results:

20=12%X6=72
zo = 345 x 789 = 272205
71 =12+ 345) X (6 + 789) — 70 — 79 =357 x 795 — 72 — 272205 = 283815 — 72 — 272205 = 11538

We get the result by just adding these three partial results, shifted accordingly (and then taking carries into account
by decomposing these three inputs in base 71000 like for the input operands):

result = z5 - B + 71 - B™ + 79, i.e.
result = 72 - 1000% + 11538 - 1000 + 272205 = 83810205.

Note that the intermediate third multiplication operates on an input domain which is less than two times larger than
for the two first multiplications, its output domain is less than four times larger, and base-/000 carries computed from
the first two multiplications must be taken into account when computing these two subtractions; but note also that this
partial result z; cannot be negative: to compute these subtractions, equivalent additions using complements to /000>
can also be used, keeping only the two least significant base-/000 digits for each number:

71 = 283815 — 72 — 272205 = (283815 + 999928 + 727795) mod 1000 = 2011538 mod 10007 =
11538.

3.2.3 Recursive application

If n is four or more, the three multiplications in Karatsuba’s basic step involve operands with fewer than n digits.
Therefore, those products can be computed by recursive calls of the Karatsuba algorithm. The recursion can be
applied until the numbers are so small that they can (or must) be computed directly.

In a computer with a full 32-bit by 32-bit multiplier, for example, one could choose B = 231 =2 147,483,648, and
store each digit as a separate 32-bit binary word. Then the sums x; + x¢ and y; + yo will not need an extra binary
word for storing the carry-over digit (as in carry-save adder), and the Karatsuba recursion can be applied until the
numbers to multiply are only one digit long.
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3.2.4 Asymmetric Karatsuba-like formulae

Karatsuba’s original formula and other generalizations are themselves symmetric. For example, the following formula
computes

c(x) = caxt + 32 4 cox® + c1x + co = a(z)b(z) = (agz? + a1z + ag)(bax® + bix + by)

with 6 multiplications in GF(2)[x] , where GF(2) is the Galois field with two elements 0 and 1.

€o = Do,

¢1 = poi2 + po2 + P12 + P2,
C2 = po12 + Po1 + P12,

€3 = po12 + Po1 + Po2 + Po,
Cq4 = P2,

where pi = aibi, bij = (ai + a]‘)(bi + b]) and Pijk = (ai + 7] + ak)(bi + bj + bk) . We note that addition and
subtraction are the same in fields of characteristic 2.

This formula is symmetrical, namely, it does not change if we exchange a and b in p;, p;; and p;ji .

Based on the second Generalized division algorithms ,!®! Fan et al. found the following asymmetric formula:

€0 = Po

€1 = poi2 +p2 +my +ms
Co = po12 + M3 +ms

€3 = po12 + po +m3 + my
Cq4 = P2,

Wh€r€ ms3 — (a1 + ag)(bo + bg), my = (ao —+ al)(bl —+ bQ) and ms = ((IQ —+ ag)(bg —+ bl) .

It is asymmetric because we can obtain the following new formula by exchanging a and b in ms, m4 and ms .

€0 = Po

€1 = po12 +p2 +my +ms
C2 = poi12 + M3 +ms

€3 = Ppo12 + po +m3 + my
Cq4 = P2,

where m3 = (ag + a2) (b1 + ba), m4 = (a1 + a2)(bo + b1) and ms5 = (ap + a1)(bo + b2) .

3.3 Efficiency analysis

Karatsuba’s basic step works for any base B and any m, but the recursive algorithm is most efficient when m is equal
to n/2, rounded up. In particular, if n is 2k for some integer k, and the recursion stops only when 7 is 1, then the
number of single-digit multiplications is 3%, which is n¢ where ¢ = log,3.

Since one can extend any inputs with zero digits until their length is a power of two, it follows that the number of
elementary multiplications, for any n, is at most 3/'°22 "1 < 3plog23

Since the additions, subtractions, and digit shifts (multiplications by powers of B) in Karatsuba’s basic step take time
proportional to n, their cost becomes negligible as n increases. More precisely, if #(rn) denotes the total number of
elementary operations that the algorithm performs when multiplying two n-digit numbers, then

T(n)=3T([n/2])+cn+d

for some constants ¢ and d. For this recurrence relation, the master theorem gives the asymptotic bound T'(n) =
@(nlog2 3) .
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It follows that, for sufficiently large n, Karatsuba’s algorithm will perform fewer shifts and single-digit additions than
longhand multiplication, even though its basic step uses more additions and shifts than the straightforward formula.
For small values of n, however, the extra shift and add operations may make it run slower than the longhand method.
The point of positive return depends on the computer platform and context. As a rule of thumb, Karatsuba is usually
faster when the multiplicands are longer than 320-640 bits.!”!

3.4 Pseudocode

procedure karatsuba(numl, num?2) if (num1 < 10) or (num2 < 10) return num1*num?2 /* calculates the size of the
numbers */ m = max(size_base10(num1), size_base10(num2)) m2 = m/2 /* split the digit sequences about the middle
*/ highl, lowl = split_at(num1, m2) high2, low2 = split_at(num2, m2) /* 3 calls made to numbers approximately
half the size */ z0 = karatsuba(low1,low2) z1 = karatsuba((low1+high1),(low2+high2)) z2 = karatsuba(high1,high2)
return (z2*10N2*m2))+((z1-z2-z0)* 10M(m2))+(z0)
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3.6 External links

e Karatsuba’s Algorithm for Polynomial Multiplication

o Weisstein, Eric W. “Karatsuba Multiplication”. MathWorld.
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cation algorithms.
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Chapter 4

Merge sort

In computer science, merge sort (also commonly spelled mergesort) is an efficient, general-purpose, comparison-
based sorting algorithm. Most implementations produce a stable sort, which means that the implementation preserves
the input order of equal elements in the sorted output. Mergesort is a divide and conquer algorithm that was invented
by John von Neumann in 1945.1"1' A detailed description and analysis of bottom-up mergesort appeared in a report
by Goldstine and Neumann as early as 1948.%!

4.1 Algorithm

Conceptually, a merge sort works as follows:

1. Divide the unsorted list into n sublists, each containing 1 element (a list of 1 element is considered sorted).

2. Repeatedly merge sublists to produce new sorted sublists until there is only 1 sublist remaining. This will be
the sorted list.

4.1.1 Top-down implementation

Example C-like code using indices for top down merge sort algorithm that recursively splits the list (called runs in
this example) into sublists until sublist size is 1, then merges those sublists to produce a sorted list. The copy back
step is avoided with alternating the direction of the merge with each level of recursion.

/I Array A[] has the items to sort; array B[] is a work array. TopDownMergeSort(A[], B[], n) { CopyArray(A, 0,
n, B); // duplicate array A[] into B[] TopDownSplitMerge(B, 0, n, A); // sort data from B[] into A[] } // Sort the
given run of array A[] using array B[] as a source. // iBegin is inclusive; iEnd is exclusive (A[iEnd] is not in the
set). TopDownSplitMerge(B[], iBegin, iEnd, A[]) { ifGEnd - iBegin < 2) // if run size == 1 return; // consider it
sorted // split the run longer than 1 item into halves iMiddle = (iEnd + iBegin) / 2; // iMiddle = mid point // re-
cursively sort both runs from array A[] into B[] TopDownSplitMerge(A, iBegin, iMiddle, B); // sort the left run
TopDownSplitMerge(A, iMiddle, iEnd, B); // sort the right run // merge the resulting runs from array B[] into A[]
TopDownMerge(B, iBegin, iMiddle, iEnd, A); } // Left source half is A[ iBegin:iMiddle-1]. // Right source half is
AliMiddle:iEnd-1 ]. // Result is B[ iBegin:iEnd-1 ]. TopDownMerge(A[], iBegin, iMiddle, iEnd, B[]) { i = iBegin,
j = iMiddle; // While there are elements in the left or right runs... for (k = iBegin; k < iEnd; k++) { // If left run
head exists and is <= existing right run head. if (i <iMiddle && (j >=iEnd Il A[i] <= A[j])) { B[k] = A[i];i=i+1;
}else { Blk]=A[jl;j=j+1;} } } CopyArray(A[], iBegin, iEnd, B[]) { for(k =iBegin; k <iEnd; k++) B[k] = A[k]; }

4.1.2 Bottom-up implementation

Example C-like code using indices for bottom up merge sort algorithm which treats the list as an array of n sublists
(called runs in this example) of size 1, and iteratively merges sub-lists back and forth between two buffers:
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Merge sort animation. The elements to sort are represented by dots.

// array A[] has the items to sort; array B[] is a work array void BottomUpMergeSort(A[], B[], n) { // Each 1-element
run in A is already “sorted”. // Make successively longer sorted runs of length 2, 4, 8, 16... until whole array is
sorted. for (width = 1; width < n; width = 2 * width) { // Array A is full of runs of length width. for 1 =0;1<n; i
=1+ 2 * width) { // Merge two runs: A[i:i+width-1] and A[i+width:i+2*width-1] to B[] // or copy Ali:n-1] to B[]
(if(i+width >= n) ) BottomUpMerge(A, i, min(i+width, n), min(i+2*width, n), B); } // Now work array B is full of
runs of length 2*width. // Copy array B to array A for next iteration. // A more efficient implementation would swap
the roles of A and B. CopyArray(B, A, n); // Now array A is full of runs of length 2*width. } } // Left run is A[iLeft
:iRight-1]. // Right run is A[iRight:iEnd-1 ]. BottomUpMerge(A[], iLeft, iRight, iEnd, B[]) { i = iLeft, j = iRight;
// While there are elements in the left or right runs... for (k = iLeft; k < iEnd; k++) { // If left run head exists and
is <= existing right run head. if (i < iRight && (j >=iEnd Il A[i] <= A[j])) { B[kl = A[i];i=1+ 1; } else { B[k] =
Aljl;j=j+1;} } } void CopyArray(B[], A[], n) { for(i = 0; i < n; i++) A[i] = B[i]; }

4.1.3 Top-down implementation using lists

Pseudocode for top down merge sort algorithm which recursively divides the input list into smaller sublists until the
sublists are trivially sorted, and then merges the sublists while returning up the call chain.

function merge_sort(/ist m) // Base case. A list of zero or one elements is sorted, by definition. if length of m <1
then return m // Recursive case. First, divide the list into equal-sized sublists /| consisting of the first half and second
half of the list. // This assumes lists start at index 0. var left := empty list var right := empty list for each x with
index i in m do if i < (length of m)/2 then add x to left else add x to right // Recursively sort both sublists. left :=
merge_sort(left) right := merge_sort(right) // Then merge the now-sorted sublists. return merge(left, right)

In this example, the merge function merges the left and right sublists.
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function merge(left, right) var result := empty list while left is not empty and right is not empty do if first(left) <
first(right) then append first(left) to result left := rest(left) else append first(right) to result right := rest(right) // Either
left or right may have elements left; consume them. // (Only one of the following loops will actually be entered.) while
left is not empty do append first(left) to result left := rest(left) while right is not empty do append first(right) to result
right := rest(right) return result

4.1.4 Bottom-up implementation using lists

Pseudocode for bottom up merge sort algorithm which uses a small fixed size array of references to nodes, where
array[i] is either a reference to a list of size 2' or 0. node is a reference or pointer to a node. The merge() function
would be similar to the one shown in the top down merge lists example, it merges two already sorted lists, and handles
empty lists. In this case, merge() would use node for its input parameters and return value.

function merge_sort(node head) // return if empty list if (head == nil) return nil var node array[32]; initially all nil
var node result var node next var int i result = head // merge nodes into array while (result != nil) next = result.next;
result.next = nil for(i = 0; (i < 32) && (array[i] !=nil); i += 1) result = merge(array[i], result) array[i] = nil // do not
go past end of array if (i ==32) i -= 1 array[i] = result result = next // merge array into single list result = nil for (i =
0;1<32;1 += 1) result = merge(array[i], result) return result

4.2 Natural merge sort

A natural merge sort is similar to a bottom up merge sort except that any naturally occurring runs (sorted sequences)
in the input are exploited. Both monotonic and bitonic (alternating up/down) runs may be exploited, with lists (or
equivalently tapes or files) being convenient data structures (used as FIFO queues or LIFO stacks).”*! In the bottom
up merge sort, the starting point assumes each run is one item long. In practice, random input data will have many
short runs that just happen to be sorted. In the typical case, the natural merge sort may not need as many passes
because there are fewer runs to merge. In the best case, the input is already sorted (i.e., is one run), so the natural
merge sort need only make one pass through the data. In many practical cases, long natural runs are present, and for
that reason natural merge sort is exploited as the key component of Timsort. Example:

Start : 3-—4-—2-—1-—7-—5-—8-—9-—0-—6 Select runs : 3-—4 2 1-—7 5-—8-—9 0-—6 Merge : 2-—3-—4 1-—5-
—7-—8--9 0-—6 Merge : 1-—2-—3-—4--5-—7--8--9 0-—6 Merge : 0-—1-—2-—3-—4-—5-—6-—7-—8--9

Tournament replacement selection sorts are used to gather the initial runs for external sorting algorithms.

4.3 Analysis

In sorting n objects, merge sort has an average and worst-case performance of O(n log n). If the running time of
merge sort for a list of length n is T'(n), then the recurrence 7' (n) = 2T(n/2) + n follows from the definition of the
algorithm (apply the algorithm to two lists of half the size of the original list, and add the n steps taken to merge the
resulting two lists). The closed form follows from the master theorem.

In the worst case, the number of comparisons merge sort makes is equal to or slightly smaller than (n [1g nl - 2Mgn]
+ 1), which is between (nlg n - n + 1) and (n 1g n + n + O(Ig n)).1¥

For large n and a randomly ordered input list, merge sort’s expected (average) number of comparisons approaches
a-n fewer than the worst case where o« = —1+ 27 2++1 ~ 0.2645.

In the worst case, merge sort does about 39% fewer comparisons than quicksort does in the average case. In terms of
moves, merge sort’s worst case complexity is O(n log n)—the same complexity as quicksort’s best case, and merge
sort’s best case takes about half as many iterations as the worst case.

Merge sort is more efficient than quicksort for some types of lists if the data to be sorted can only be efficiently
accessed sequentially, and is thus popular in languages such as Lisp, where sequentially accessed data structures are
very common. Unlike some (efficient) implementations of quicksort, merge sort is a stable sort.

Merge sort’s most common implementation does not sort in place;! therefore, the memory size of the input must be
allocated for the sorted output to be stored in (see below for versions that need only /2 extra spaces).
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A recursive merge sort algorithm used to sort an array of 7 integer values. These are the steps a human would take to emulate merge
sort (top-down).

4.4 Variants

Variants of merge sort are primarily concerned with reducing the space complexity and the cost of copying.

A simple alternative for reducing the space overhead to n/2 is to maintain left and right as a combined structure,
copy only the left part of m into temporary space, and to direct the merge routine to place the merged output into m.
With this version it is better to allocate the temporary space outside the merge routine, so that only one allocation is
needed. The excessive copying mentioned previously is also mitigated, since the last pair of lines before the refurn
result statement (function merge in the pseudo code above) become superfluous.

One drawback of merge sort, when implemented on arrays, is its O(n) working memory requirement. Several in-place
variants have been suggested:

e Katajainen ef al. present an algorithm that requires a constant amount of working memory: enough storage
space to hold one element of the input array, and additional space to hold O(1) pointers into the input array.
They achieve an O(n log 1) time bound with small constants, but their algorithm is not stable.[!

e Several attempts have been made at producing an in-place merge algorithm that can be combined with a standard
(top-down or bottom-up) merge sort to produce an in-place merge sort. In this case, the notion of “in-place”
can be relaxed to mean “taking logarithmic stack space”, because standard merge sort requires that amount
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of space for its own stack usage. It was shown by Geffert et al. that in-place, stable merging is possible in
O(n log n) time using a constant amount of scratch space, but their algorithm is complicated and has high
constant factors: merging arrays of length n and m can take 5z + 12m + o(m) moves.[’! This high constant
factor and complicated in-place algorithm was made simpler and easier to understand. Bing-Chao Huang and
Michael A. Langston!®! presented a straightforward linear time algorithm practical in-place merge to merge a
sorted list using fixed amount of additional space. They both have used the work of Kronrod and others. It
merges in linear time and constant extra space. The algorithm takes little more average time than standard
merge sort algorithms, free to exploit O(n) temporary extra memory cells, by less than a factor of two. Though
the algorithm is much faster in practical way but it is unstable also for some list. But using similar concept
they have been able to solve this problem. Other in-place algorithms include SymMerge, which takes O((n
+ m) log (n + m)) time in total.l! Plugging such an algorithm into merge sort increases its complexity to the
non-linearithmic, but still quasilinear, O(n (log n)?).

An alternative to reduce the copying into multiple lists is to associate a new field of information with each key (the
elements in m are called keys). This field will be used to link the keys and any associated information together in
a sorted list (a key and its related information is called a record). Then the merging of the sorted lists proceeds by
changing the link values; no records need to be moved at all. A field which contains only a link will generally be
smaller than an entire record so less space will also be used. This is a standard sorting technique, not restricted to
merge sort.

4.5 Use with tape drives

Merge sort type algorithms allowed large data sets to be sorted on early computers that had small random access memories by modern
standards. Records were stored on magnetic tape and processed on banks of magnetic tape drives, such as these IBM 729s.

An external merge sort is practical to run using disk or tape drives when the data to be sorted is too large to fit into
memory. External sorting explains how merge sort is implemented with disk drives. A typical tape drive sort uses
four tape drives. All I/O is sequential (except for rewinds at the end of each pass). A minimal implementation can
get by with just 2 record buffers and a few program variables.
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Naming the four tape drives as A, B, C, D, with the original data on A, and using only 2 record buffers, the algorithm
is similar to Bottom-up implementation, using pairs of tape drives instead of arrays in memory. The basic algorithm
can be described as follows:

1. Merge pairs of records from A; writing two-record sublists alternately to C and D.
2. Merge two-record sublists from C and D into four-record sublists; writing these alternately to A and B.
3. Merge four-record sublists from A and B into eight-record sublists; writing these alternately to C and D

4. Repeat until you have one list containing all the data, sorted—in logs (7)) passes.

Instead of starting with very short runs, usually a hybrid algorithm is used, where the initial pass will read many
records into memory, do an internal sort to create a long run, and then distribute those long runs onto the output set.
The step avoids many early passes. For example, an internal sort of 1024 records will save 9 passes. The internal sort
is often large because it has such a benefit. In fact, there are techniques that can make the initial runs longer than the
available internal memory.!'*!

A more sophisticated merge sort that optimizes tape (and disk) drive usage is the polyphase merge sort.

4.6 Optimizing merge sort

On modern computers, locality of reference can be of paramount importance in software optimization, because
multilevel memory hierarchies are used. Cache-aware versions of the merge sort algorithm, whose operations have
been specifically chosen to minimize the movement of pages in and out of a machine’s memory cache, have been
proposed. For example, the tiled merge sort algorithm stops partitioning subarrays when subarrays of size S are
reached, where S is the number of data items fitting into a CPU’s cache. Each of these subarrays is sorted with an in-
place sorting algorithm such as insertion sort, to discourage memory swaps, and normal merge sort is then completed
in the standard recursive fashion. This algorithm has demonstrated better performance on machines that benefit from
cache optimization. (LaMarca & Ladner 1997)

Kronrod (1969) suggested an alternative version of merge sort that uses constant additional space. This algorithm
was later refined. (Katajainen, Pasanen & Teuhola 1996)

Also, many applications of external sorting use a form of merge sorting where the input get split up to a higher number
of sublists, ideally to a number for which merging them still makes the currently processed set of pages fit into main
memory.

4.7 Parallel merge sort

Merge sort parallelizes well due to use of the divide-and-conquer method. Several parallel variants are discussed in
the third edition of Cormen, Leiserson, Rivest, and Stein’s Introduction to Algorithms.!'"] The first of these can be
very easily expressed in a pseudocode with fork and join keywords:

/1 Sort elements lo through hi (exclusive) of array A. algorithm mergesort(A, lo, hi) is if lo+1 < hi then // Two or
more elements. mid = L(lo + hi) / 2] fork mergesort(A, lo, mid) mergesort(A, mid, hi) join merge(A, lo, mid, hi)

This algorithm is a trivial modification from the serial version, and its speedup is not impressive: when executed on
an infinite number of processors, it runs in ©(n) time, which is only a ®(log n) improvement on the serial version. A
better result can be obtained by using a parallelized merge algorithm, which gives parallelism @(n / (log n)?), meaning
that this type of parallel merge sort runs in

e <(nlogn) : (log”)2> = O((logn)?)

n

time if enough processors are available.!'!! Such a sort can perform well in practice when combined with a fast stable
sequential sort, such as insertion sort, and a fast sequential merge as a base case for merging small arrays.!'!
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Merge sort was one of the first sorting algorithms where optimal speed up was achieved, with Richard Cole using a
clever subsampling algorithm to ensure O(1) merge.['¥ Other sophisticated parallel sorting algorithms can achieve
the same or better time bounds with a lower constant. For example, in 1991 David Powers described a parallelized
quicksort (and a related radix sort) that can operate in O(log n) time on a CRCW parallel random-access machine
(PRAM) with n processors by performing partitioning implicitly."*! Powers!!3) further shows that a pipelined version
of Batcher’s Bitonic Mergesort at O((log 1)?) time on a butterfly sorting network is in practice actually faster than
his O(log n) sorts on a PRAM, and he provides detailed discussion of the hidden overheads in comparison, radix and
parallel sorting.

4.8 Comparison with other sort algorithms

Although heapsort has the same time bounds as merge sort, it requires only ®(1) auxiliary space instead of merge
sort’s ©(n). On typical modern architectures, efficient quicksort implementations generally outperform mergesort for
sorting RAM-based arrays. On the other hand, merge sort is a stable sort and is more efficient at handling slow-to-
access sequential media. Merge sort is often the best choice for sorting a linked list: in this situation it is relatively
easy to implement a merge sort in such a way that it requires only ®(1) extra space, and the slow random-access
performance of a linked list makes some other algorithms (such as quicksort) perform poorly, and others (such as
heapsort) completely impossible.

As of Perl 5.8, merge sort is its default sorting algorithm (it was quicksort in previous versions of Perl). In Java,
the Arrays.sort() methods use merge sort or a tuned quicksort depending on the datatypes and for implementation
efficiency switch to insertion sort when fewer than seven array elements are being sorted.!'®! The linux kernel uses
merge sort for its linked lists.!'”! Python uses Timsort, another tuned hybrid of merge sort and insertion sort, that has
become the standard sort algorithm in Java SE 7,['8 on the Android platform,"'”! and in GNU Octave.?"!
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Chapter 5

Strassen algorithm

Not to be confused with the Schonhage—Strassen algorithm for multiplication of polynomials.

In linear algebra, the Strassen algorithm, named after Volker Strassen, is an algorithm for matrix multiplication. It
is faster than the standard matrix multiplication algorithm and is useful in practice for large matrices, but would be
slower than the fastest known algorithms for extremely large matrices.

Strassen’s algorithm works for any ring, such as plus/multiply, but not all semirings, such as min/plus or boolean
algebra, where the naive algorithm still works, and so called combinatorial matrix multiplication.

5.1 History

Volker Strassen first published this algorithm in 1969 and proved that the n3 general matrix multiplication algorithm
wasn't optimal. The Strassen algorithm is only slightly better, but its publication resulted in much more research
about matrix multiplication that led to faster approaches, such as the Coppersmith-Winograd algorithm.

5.2 Algorithm
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The left column represents 2x2 matrix multiplication. Naive matrix multiplication requires one multiplication for each “1” of the left
column. Each of the other columns represents a single one of the 7 multiplications in the algorithm, and the sum of the columns gives
the full matrix multiplication on the left.

Let A, B be two square matrices over a ring R. We want to calculate the matrix product C as

C=AB A,B,Cc R

If the matrices A, B are not of type 2" x 2" we fill the missing rows and columns with zeros.
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We partition A, B and C into equally sized block matrices

Al A Bi1 Bip Cii Cip
A= (fr Azl g B Bl e 16 G,
|:A2,1 Az,z} |:B2,1 Bz,z} I:C2,1 Ca2

with

27171 ><2n—1
Ai;,Bi;,Ci; €R

then

Cii=A11B11+A2By;

Cio=A11Bi2+A 2By
Co1=A21Bi1 +Az2Bs
Coo=A21B12+Ar2Bs>

With this construction we have not reduced the number of multiplications. We still need 8 multiplications to calculate
the Ci,j matrices, the same number of multiplications we need when using standard matrix multiplication.

Now comes the important part. We define new matrices

M; :=(A11+A22)(B11+Bao)

M; = (A1 + A22)B1
Ms :=A;1(Bi2—By>)
M, :=A22(B21 —B11)
M; = (A11+A12)B2o
M := (A21 —A11)(B11 +B12)
M7 := (A12 — A22)(B21 + Bao)

only using 7 multiplications (one for each M) instead of 8. We may now express the C;,; in terms of My, like this:

Cii=M; +My —M; +M;

Ci2=M;3+ M;
Co1 =My +My
Coo=M; —M; +Ms + Mg

We iterate this division process n times (recursively) until the submatrices degenerate into numbers (elements of the
ring R). The resulting product will be padded with zeroes just like A and B, and should be stripped of the corresponding
rows and columns.

Practical implementations of Strassen’s algorithm switch to standard methods of matrix multiplication for small
enough submatrices, for which those algorithms are more efficient. The particular crossover point for which Strassen’s
algorithm is more efficient depends on the specific implementation and hardware. Earlier authors had estimated that
Strassen’s algorithm is faster for matrices with widths from 32 to 128 for optimized implementations.!'! However, it
has been observed that this crossover point has been increasing in recent years, and a 2010 study found that even a
single step of Strassen’s algorithm is often not beneficial on current architectures, compared to a highly optimized
traditional multiplication, until matrix sizes exceed 1000 or more, and even for matrix sizes of several thousand the
benefit is typically marginal at best (around 10% or less).””!
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5.3 Asymptotic complexity

The standard matrix multiplication takes approximately 2N (where N = 2") arithmetic operations (additions and
multiplications); the asymptotic complexity is @(N?3).

The number of additions and multiplications required in the Strassen algorithm can be calculated as follows: let f(n)
be the number of operations for a 2" x 2" matrix. Then by recursive application of the Strassen algorithm, we see that
f(n) =Tf(n-1) + £4", for some constant ¢ that depends on the number of additions performed at each application
of the algorithm. Hence f(n) = (7 + o(1))", i.e., the asymptotic complexity for multiplying matrices of size N = 2"
using the Strassen algorithm is

O([7 + o(1)]") = O(N'2T+o(1)) ~ O(N28074)

The reduction in the number of arithmetic operations however comes at the price of a somewhat reduced numerical
stability,3 and the algorithm also requires significantly more memory compared to the naive algorithm. Both initial
matrices must have their dimensions expanded to the next power of 2, which results in storing up to four times as
many elements, and the seven auxiliary matrices each contain a quarter of the elements in the expanded ones.

5.3.1 Rank or bilinear complexity
The bilinear complexity or rank of a bilinear map is an important concept in the asymptotic complexity of matrix

multiplication. The rank of a bilinear map ¢ : A x B — C over a field F is defined as (somewhat of an abuse of
notation)

R(¢/F) = min {r

Hfi S A*agi € B*aw’i € C,\V/a S Aab S B7¢(a7b) = Zf7(a)gl(b)w’t }
1=1

In other words, the rank of a bilinear map is the length of its shortest bilinear computation.!*! The existence of
Strassen’s algorithm shows that the rank of 2x2 matrix multiplication is no more than seven. To see this, let us
express this algorithm (alongside the standard algorithm) as such a bilinear computation. In the case of matrices, the
dual spaces A* and B* consist of maps into the field F induced by a scalar double-dot product, (i.e. in this case the
sum of all the entries of a Hadamard product.)

It can be shown that the total number of elementary multiplications L required for matrix multiplication is tightly
asymptotically bound to the rank R, i.e. L = O(R) , or more specifically, since the constants are known, %R <L<
R. One useful property of the rank is that it is submultiplicative for tensor products, and this enables one to show
that 2"x2"x2" matrix multiplication can be accomplished with no more than 7" elementary multiplications for any .
(This n-fold tensor product of the 2x2x2 matrix multiplication map with itself—an nth tensor power—is realized by
the recursive step in the algorithm shown.)

5.3.2 Cache behavior

Strassen’s algorithm is cache oblivious. Analysis of its cache behavior algorithm has shown it to incur

n2 nlogz2 7
o1+ +—+—
< b va)

cache misses during its execution, assuming an idealized cache of M lines, each of b bytes.[>:13

5.4 Implementation considerations

The description above states that the matrices are square, and the size is a power of two, and that padding should be
used if needed. This restriction allows the matrices to be split in half, recursively, until limit of scalar multiplication
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is reached. The restriction simplifies the explanation, and analysis of complexity, but is not actually necessary;'®’ and
in fact, padding the matrix as described will increase the computation time and can easily eliminate the fairly narrow
time savings obtained by using the method in the first place.

A good implementation will observe the following:

e [t is not necessary or desirable to use the Strassen algorithm down to the limit of scalars. Compared to con-
ventional matrix multiplication, the algorithm adds a considerable O(n?) workload in addition/subtractions;
so below a certain size, it will be better to use conventional multiplication. Thus, for instance, if you start with
matrices that are 1600x1600, there is no need to pad to 2048x2048, since you could subdivide down to 25x25
and then use conventional multiplication at that level.

e The method can indeed be applied to square matrices of any dimension./?! If the dimension is even, they are
split in half as described. If the dimension is odd, zero padding by one row and one column is applied first.
Such padding can be applied on-the-fly and lazily, and the extra rows and columns discarded as the result is
formed. For instance, suppose the matrices are 199x199. They can be split so that the upper-left portion is
100x100 and the lower-right is 99x99. Wherever the operations require it, dimensions of 99 are zero padded
to 100 first. Note, for instance, that the product M5 is only used in the lower row of the output, so is only
required to be 99 rows high; and thus the left factor (A2 1 + A2 2) used to generate it need only be 99 rows
high; accordingly, there is no need to pad that sum to 100 rows; it is only necessary to pad A5 2 to 100 columns
to match Ay ; .

Furthermore, there is no need for the matrices to be square. Non-square matrices can be split in half using the
same methods, yielding smaller non-square matrices. If the matrices are sufficiently non-square it will be worth-
while reducing the initial operation to more square products, using simple methods which are essentially O(n?) , for
instance:

e A product of size [2N x N] * [N x 10N] can be done as 20 separate [N x N] * [N x N] operations, arranged
to form the result;

e A product of size [N x 10N] * [10N x N] can be done as 10 separate [N x N] * [N x N] operations, summed
to form the result.

These techniques will make the implementation more complicated, compared to simply padding to a power-of-
two square; however, it is a reasonable assumption that anyone undertaking an implementation of Strassen, rather
than conventional, multiplication, will place a higher priority on computational efficiency than on simplicity of the
implementation.

In practice, Strassen’s algorithm can be implemented to attain better performance than conventional multiplication
even for small matrices, for matrices that are not at all square, and without requiring workspace beyond buffers that
are already needed for a high-performance conventional multiplication.!”!

5.5 See also

e Computational complexity of mathematical operations

e Gauss—Jordan elimination

e Coppersmith—Winograd algorithm

e Z-order matrix representation

e Karatsuba algorithm, for multiplying n-digit integers in O(n'°%2 ) instead of in O(n?) time

e Gauss’s complex multiplication algorithm multiplies two complex numbers using 3 real multiplications instead
of 4
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Chapter 6

Master theorem

For the result in enumerative combinatorics, see MacMahon Master theorem.
For the result about Mellin transforms, see Ramanujan’s master theorem.

In the analysis of algorithms, the master theorem provides a solution in asymptotic terms (using Big O notation) for
recurrence relations of types that occur in the analysis of many divide and conquer algorithms. It was popularized
by the canonical algorithms textbook Introduction to Algorithms by Cormen, Leiserson, Rivest, and Stein. Not all
recurrence relations can be solved with the use of the master theorem; its generalizations include the Akra—Bazzi
method.

6.1 Introduction

Consider a problem that can be solved using a recursive algorithm such as the following:

procedure T( n : size of problem ) defined as: if n < some constant k then exit Create ‘a” subproblems of size n/b
in d(n) time repeat for a total of @’ times T(n/b) end repeat Combine results from subproblems in ¢(n) time end
procedure

In the above algorithm we are dividing the problem into a number of subproblems recursively, each subproblem being
of size n/b. This can be visualized as building a call tree with each node of the tree as an instance of one recursive
call and its child nodes being instances of subsequent calls. In the above example, each node would have a number
of child nodes. Each node does an amount of work that corresponds to the size of the sub problem n passed to that
instance of the recursive call and given by f(n) . The total amount of work done by the entire tree is the sum of the
work performed by all the nodes in the tree.

Algorithms such as above can be represented as a recurrence relation T'(n) = a T (%) + f(n) , where f(n) =
d(n) + ¢(n) in the above procedure. This recursive relation can be successively substituted into itself and expanded
to obtain expression for total amount of work done.!"

The Master theorem allows us to easily calculate the running time of such a recursive algorithm in ®-notation without
doing an expansion of the recursive relation above.

6.2 Generic form
The master theorem concerns recurrence relations of the form:
T(n)=aT(%)+ f(n)wherea € N,1 <beR
In the application to the analysis of a recursive algorithm, the constants and function take on the following significance:

e 1 is the size of the problem.
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e a is the number of subproblems in the recursion.
e n/b is the size of each subproblem. (Here it is assumed that all subproblems are essentially the same size.)

e f (n) is the cost of the work done outside the recursive calls, which includes the cost of dividing the problem
and the cost of merging the solutions to the subproblems.

It is possible to determine an asymptotic tight bound in these three cases:

6.2.1 Casel
Generic form

If f(n) = O (n°) where ¢ < log, a (using big O notation)
then:

T(n) =© (n%")

Example

T(n) = 8T (g) + 10002

As one can see from the formula above:

a=28,b=2, f(n)=1000n2,so
f(n) =0 (n°), where c = 2

Next, we see if we satisfy the case 1 condition:

log,a =log, 8 =3>¢

It follows from the first case of the master theorem that

T(n) =0 (n®*) =0 (n*)

(indeed, the exact solution of the recurrence relation is 7'(n) = 1001n® — 1000n? , assuming 7'(1) = 1).

6.2.2 Case?2
Generic form

If it is true, for some constant k > 0, that:
f(n)=06 (nc log" n) where ¢ = log, a

then:

T(n)=06 (nc log" ! n)
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Example

T(n) =2T (%) + 10n

As we can see in the formula above the variables get the following values:

a=2,b=2,¢c=1, f(n)=10n
f(n)=06 (nclogk n) wherec=1,k=0

Next, we see if we satisfy the case 2 condition:
log, a = log, 2 = 1, and therefore, ¢ = log; a

So it follows from the second case of the master theorem:

T(n) =0 (nlogba logh*! n) =0 (n'log' n) = © (nlogn)

Thus the given recurrence relation 7'(n) was in O(n log n).

(This result is confirmed by the exact solution of the recurrence relation, which is T'(n) = n + 10n log, n , assuming
T(1)=1.)

6.2.3 Case3

Generic form

If it is true that:
f(n) = Q(n°) where ¢ > log, a
and if it is also true that:
af (%) < kf(n) for some constant k£ < 1 and sufficiently large n (often called the regularity condition)

then:

Example

T(n)=2T (g) + n?

As we can see in the formula above the variables get the following values:

a=2,b=2, f(n)=n?
f(n) =Q(n°), where ¢ = 2

Next, we see if we satisfy the case 3 condition:
log, a = log, 2 = 1, and therefore, yes, ¢ > log; a

The regularity condition also holds:
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2 .
2 (%) < kn? , choosing k = 1/2

So it follows from the third case of the master theorem:

Thus the given recurrence relation T(1) was in @(n?), that complies with the f (n) of the original formula.

(This result is confirmed by the exact solution of the recurrence relation, which is T'(n) = 2 —n, assuming
T(1)=1.)

6.3 Inadmissible equations
The following equations cannot be solved using the master theorem:!?!

o T(n)=2"T (%) +n"

a is not a constant; the number of subproblems should be fixed

T(n) = 2T (3) + 2

logn

nlogba
e T(n) =05T (%) +n
a<l1

o T(n) =64T (%) — n®logn

f(n), which is the combination time, is not positive

T(n) =T (%) +n(2—cosn)

case 3 but regularity violation.

In the second inadmissible example above, the difference between f(n) and n'°% @ can be expressed with the ratio

f(n) _ nflogn _  n 1 . 1 € . .
W T = e = plogn = fogn - It is clear that fogm < for any constant € > 0 . Therefore, the difference is not

polynomial and the Master Theorem does not apply.

6.4 See also

e Akra—-Bazzi method

6.5 Application to common algorithms

6.6 Notes

[1] Duke University, “Big-Oh for Recursive Functions: Recurrence Relations”, http://www.cs.duke.edu/~{ }ola/ap/recurrence.
html

[2] Massachusetts Institute of Technology (MIT), “Master Theorem: Practice Problems and Solutions”, http://www.csail.mit.
edu/~{ }thies/6.046-web/master.pdf

[3] Dartmouth College, http://www.math.dartmouth.edu/archive/m19w03/public_html/Section5-2.pdf
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